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Abstract 
Feldman, D., A weakly homogeneous rigid space, Topology and its Appiications 38 (1991) 97-100. 
A space is weakly homogeneous if every pair of points have homeomorphic neighborhoods. A
space is rigid if it has no self-homeomorphisms. We construct a weakly homogeneous rigid space. 
Unlike previously known examples, ours is constructed in ZF. 
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1. Introduction 
A space which is homogeneous and rigid has only one point. A space X is 
homogeneous if given points pl, p2 E X, there is a homeomorphism f: X + X such 
that f( p,) = p2. X is merely weakly homogeneous if given points pl, pz there are 
neighborhoods U1, U2 E X, and a homeomorphism $: L$ -)a U2 such that $( pl) = p2. 
A space is rigid if its only self-homeomorphism is the identity. In [Z], van Mill 
constructs a remarkable topological group whose only self-homeomorphisms are
translations. An open subset of a topological group is always weakly homogeneous, 
and van Mill notes that removing a point from his group leaves a rigid space, so 
this gives a nontrivial example of a weakly homogeneous rigid space. The metric 
space d that we present below gives another example. & is noteworthy in that, 
unlike van Mill’s space, its construction can be carried out in ZF. The construction 
of & is related to those of Kannan and Rajagopalan Cl]. We thank J. van Mill for 
his comments. 
2, The construction 
Let Wi be an orientable two-manifold of genus i, i = 0, I, 2, with a compatible 
metric do,. Furthermore, W, and W, shait have distinguished ?EES l&zts, w. and 
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w,. Aso fix embeddings g, : Wi + C of each surface into the open unit cube C ;= 
(0, V. 
(0, I}” is the set of sequences whose terms are equal to 0 or 1. Define set maps 
+i : Wi + (0, I}“, i = 0, 1,2 as follows. If p E Wi and gi( p) = (CR,, (~2, (~3) and-the binary 
expansion Of aj is Ujl Uj2Uj3. . l , set 4i(p) = a11a21a31a12a22a32a13.. . . In cases of 
ambiguity, the terminating expansion of Cyj is taken. The set maps 4i are injective 
since the embeddings i separate points, and this is all we shall need of the @i; we 
have defined the 4i as we have to make explicit that such functions may be 
constructed without the axiom of choice. Sometimes we drop the subscript and 
write 4 when the context is clear. 
We will describe metric spaces XOc X, c X2 c . l l by induction. Then At = 
U;“=, XI, with the metric topology will be the desired space. To facilitatethe induction 
we will associate to every p E Xn - X,,_, an n + I-tuple y(p) = (PO, . . . , fl,,) where 
@k = @kdk,PkZ* 9 ’ E (0, 1)s To ilnclude the case n = 0, we set X-, = 8. 
X0 will be W2, and for p E X0, set y(p) = ( t$2( p)). 
Now suppose we have constructed spaces X,+ . . l c Xn, with metric d, and that 
wehavedefinedy(p)=(Bol.,*,Pi)foreachpEXi-X,_,,OQ~~n. 
For each p E X,, -X,_, we will define a space W” which will be a copy of W. or 
W, and we will denote the distinguished basepoint of Wp by w9 Then X,+, will 
be the union of X,, and all the Wp, after identifying each p with w4 We say that 
Wp is attached to X,, at p. 
Set m to be the exponent of the highest power of 2 dividing n. If y(p) = 
(PO, l l l 9 P,,), Wp will be a copy of W,, i = &,,,~~,,.~-m-,,. The purpose of this is made 
clear below. 
TO extend the metric d to Xn+, we consider three cases: 
Case 1. q,EX,, and q2e Wp. Then d(q,, q2)=d(q,, p)+d&p, q2). 
Case 2. q,, w Wp. men dh, qA = ddq, 9 q2b 
Case 3. q, E Wpl and q2 E Wp2, men d(q,, qd=dw&, p,)+d(p,, PZ)+ 
dW4 P2, q2)* 
Finally, if qE X,,, - Xn and qeWp and y(p)=(po,-,pn), set y(q)= 
(PO, ’ l ’ 9 Pn, 4(q))* This completes the induction and the construction of &. 
3. Rigidity 
hnma 1. Ifdq,) = dqd, then q, = q2. 
IQ&* BY induction. If q, , q2 E X0, then +2(q,) = 42(q2) and q, = q2 by the injectivity 
of !b2* 
If dq,) = r(q21, then they must both be n + I-tuples for some n and q,, q2E 
xn-xn_,. Assume that the lemma is valid for points in X+, ‘ 
SaY that q, E Wp,, q2e Wp* and r(p,) = (&, . l . ) &), y(p2) = (pi,. . . , p)n). Then 
if 3G3r) = &* l * 9 &$6 4&f*)) = (gj, a ‘ l , I%, 4hN = r(a) we must have j% =BI 
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for 0s i s n, SO p1 = p2 by induction. Also 4(q1) = 4(q2), so q1 = q2, by the injectivity 
of 4. Cl 
To show that 4t is rigid, we argue that y(p) is a topological invariant of p E .&. 
Then, by the lemma, aself-homeomorphism must preserve very point, so 4 is rigid. 
Set J={WPlpEJdC}u{Xo). 
Recall that p is a cut point of a connected set V if V- (p} is not connected. In 
this case we say that {p, U, , V,} is a cutting of V if U, and U2 are disjoint open 
sets and V - { p} = Ul u U2. If a E Ul and 6 E U2 and (p, Ul, V,} is a cutting of V, 
then we say that p cuts a and b. 
Lemma 2. If Y is a connected subset of A without cutpoints, then Y c Z E J, for 
some 2. 
Proof. Given a connected Y not contained in any 2 E J, we will find a cutpoint of 
K Since two distinct elements of J have at most a point in common, there must be 
ql, q2E Y so that (ql, q2} is not contained in any 2 E J. Say qr E Xm - Xm_r and 
q2~X,-X-*. Without loss of generality, say n a m. Then n-Z 0 or- else { ql, q2} c
X0 E J. So q2 E Wp for some p f q2. Of course p E Wp, so p Z q,.or else {q, , q2} c Wp E 
J. Then, by the construction p cuts q1 and q2. El 
By the lemma, a subset of 4 which is homeomorphic to W2-must be X,,, because 
W2 is connected, has no cutpoints and is not homeomorphic toany proper subspace 
of W2, or any subspace of W0 or W, . (If a subspace of a manifold is homeomorphic 
to a compact space, it must be closed. On the other hand, if it is homeomorphic to
a manifold of the same dimension, then it must be an open set, by invariance of 
domain.) Similarly, a subset of 4 homeomorphic to W0 or W3 must be one of the 
Wp. Therefore, the filtration Jt = lJ!_, Xi is a feature of the topology of A, not just 
of our construction. The distinguished basepoint of Wp, p, has the- property that 
there is a cutting {p, U, , V,) of J4 with X,,c U, , Wp -(p} c U2. Since no other 
poi[nt of Wp has this property, the distinguished basepoints may also be recovered 
from the topology alone. 
We use induction once more. Assume that y(p) is determined by the topology 
of JZ for all p E Xn. 
LetqEX,+,.henifn#-1,qEWPforsomepEX,,andy(p)=(Po,...,Pn)is 
determined by the topology of Jcl, by the induction hypothesis. Since y(q) = 
mh-*9 &, 4(q)) it remains to see that 4(q) E (0,l)” is determined by the topology 
of A. Say 4(q) = aoala2.. . . We must determine ach & from the topology of A. 
Set I = 2”( 1 + 2k). Let U be the connected component of J# - {q} which is disjoint 
from X0. Then all the Wp contained in U n Xl, but not in U n Xl-, will have genus 
uk, by the construction. This determines ak from the topology of 44 for all k, hence 
also 4(q) and so also y(q)* 
We can now conclude that JU is rigid, having associated istinct topological 
invariants to each point. 
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4. Weak homogeneity 
Let T c Wi, i = 0, 1, be open neigborhoods, homeomorphic tothe open unit disc, 
of the distinguished basepoints of each Wia If Wp is a COPY in M of one of the Wi, 
Tp will be the subset of Wp corresponding to T in Wia Fix homeomorphisms and 
f:T,+T,andg:T2+T,. 
Given pl, p2 E Jt, we must find homeomorphic open neighborhoods of the two 
points. Say pl E Xm - Xm-r, p2 E Xn -X-I. Let R,,, (S,) be open neighborhoods, 
homeomorphic to the open unit disc, of pl, ( p2) in Xm, (X,), respectively. Let 
ho: RO+ SO be a homeomorphism. 
Now we proceed by induction. Assume hj : Rj - 4 is a homeomorphism between 
open neighbourhoods Rj, (Sj) of ~1, (~2) in Xm+j, (Xn+j), respectively. 
Define Rj+l , (q+,) to be the unions of Rj, (4) and all the Tp for p E Rj - Rj-1, 
( p E Z$ - $,), respectively. Clearly Rj+l , (S,,,) is an open neighborhood of pI , ( p2) 
in Xn+j+l9 (Xn+j+*), respectively. 
We define a homeomorphism hi+1 : Rj+l + $+I that extends & : Rj + Sj as follows. 
If q E Rj+l - Rj and q E T”, we map q to a point in Thltp’ using a lifting of either f
or g or the identity map on one of the Ti, whichever is available. 
NOW R = lJ,Eo Rj and S = lJ,EO S$ will be homeomorphic neighborhoods of p1 
and p2 in JN, the homeomorphism h : R + S being the unique map that extends all 
the hia With a little care we might even take h, and all the hi, to be isometries. 
5. Open problem 
It would be very interesting to know whether aweakly homogeneous rigid space 
could be locally compact, or compact. A connected component of such a space is 
already such a space, and a weakly homogeneous rigid space which is totally 
disconnected must be trivial. Known results on continua with many cut points 
suggest that a compact connected weakly homogenous rigid space would require 
ideas very different from the above. 
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